INTRODUCTION
Several experimental procedures have been recently proposed for the measurement of dynamic fracture toughness. In an earlier study [1], we carried out an analysis of a three-point-bend fracture specimen under dynamic loading, modeling a specimen that Joyce and Hackett have used to determine the fracture toughness of ductile structural steel [2] . In [1], a full-field plane strain finite element analysis is described. The crack tip values of / were computed by means of a domain integral expression and the results were compared with the estimate of J determined from the deep-crack formula proposed by Rice, Paris, Merkle [3] (with parameters appropriately replaced for the dynamic analysis). Furthermore, a notion of transition time was introduced to provide a practical bound on the time range over which conditions of J-dominance prevailed near the crack front and the deep-crack formula was applicable under transient loadings.
In order to completely understand the response of a fracture test specimen, a three-dimensional analysis is required. This is especially important if there is substantial plastic flow in the ligament of the specimen. Several analytical investigations based on three-dimensional models have been carried out for the case of quasi-static loading [4] [5] [6] . In these studies, the J-integral [7] is viewed as a paramenter characterizing the crack tip field and the determination of J as a function of position along crack front was a principal objective. The studies revealed that the variation of J along crack front is strongly dependent on the amount of plastic deformation in the uncracked ligament of the specimen.
A full-field three-dimensional finite element analysis of a dynamically loaded three-point-bend fracture specimen is presented in this paper. First a general expression for the crack tip J-integral based on the fundamental energy flux integral is given for a three-dimensional crack front in a deformable body subject to transient loadings. Then, a domain integral form of J is derived from the crack tip integral, and an expression is given for pointwise value of J along a crack front.
Using the domain integral representation, accurate J values can be extracted from finite element solutions. The domain integral formulation corresponds to the method of virtual crack extension [8] [9] [10] [11] and is particularly suited for evaluation of J in three-dimensional crack problems. For the numerical simulation, a model of the three-point-bend fracture specimen is constructed with threedimensional finite elements. The transient finite element analysis is carried out for the time interval of interest using an explicit time integration scheme. Pertinent quantities, including J as a function of position along the crack front, are computed and recorded during the calculations. From the results, interpretations are made on the J variation along the crack front and its dependence on loading rate and elapsed time. Strong variation of field variables in the through-the-thickness direction is observed and these three-dimensional efi"ects are assessed.
In view of the experimental procedure, the accuracy of J estimated from the deep-crack formula is evaluated by comparing estimated values with precise values extracted from the fidl-field solution using the domain integral expression. In addition, we will conunent on the suitability of proposed surface locations for measurements of moment and rotation, these being the input measurements for appplication of the deep-crack J formula. The deep-crack expression is essentially a two-dimensional formula and we will discuss its appHcabiUty in the three-dimensional fracture problems under both quasi-static and dynamic loading conditions. The present three-dimensional analysis clarifies these and other geometrical effects associated with a standard three-point-bend fracture specimen.
DYNAMIC J-INTEGRAL

Energy integral for three-dimensional crack front
In the analysis of dynamic crack growth in an elastic solid under two-dimensional conditions, the dynamic energy release rate J is defined as the energy released from the body per unit crack advance. More precisely, it is the limiting value of the energy flux across a path V which surrounds the crack tip, divided by the instantaneous crack tip speed, as the path is shrunk onto the crack tip. A mathematical expression for the energy release rate in terms of the crack tip fields for two-dimensional problems with crack extending in the xi-direction [12] Here crij and Ui are the cartesian components of stress and displacement, and rij are the components of a unit vector normal to F and pointing away from the crack tip. The quantities U and T are the stress work and the kinetic energy densities, respectively, and are defined as
To extend this idea to three-dimensional fields, suppose that the crack edge is defined in rectangular coordinates by ^i{s,t) at any time i, where 5 is the arclength along the crack edge measured from some arbitrary point. The speed of the crack edge at any 5 is v{s) = Jiiii and the direction of crack advance is locally Vi = ^^/u (see Fig. la ).
Consider a tubular surface St enclosing the crack edge and moving with it. The tubular surface is formed as follows. In any plane locally perpendicular to the crack edge, specify a small crack tip contour F that begins on one face of the crack, encircles the crack edge, and ends on the opposite crack face. The tubular surface is conipletely specified by the condition that its intersection with every plane locally perpendicular to the crack edge is the same curve F at any time t (see Fig. Ic ).
For a crack advancing under three-dimensional conditions, at any instant of time the energy flux through the tubular surface St'^s
where rii are the components of the unit normal vector to St directed away from the crack edge and other quantities are as defined above. At any point on St, the particle velocity tij may be separated into two contributions, one arising from the fact that Ui is changing at the fixed point on St and a convected contribution arising from the fact that this point is moving through material wliere u; has a spatial gradient. Thus,
ij (2.4)
dui Therefore, ii Sa < s < s^ is the range of arclength along the crack edge, then
where dT is that part of the tube between 5 and s + ds. The asymptotic relation, iii ~ -{dui/dxj)^j as r ^ 0+, has been invoked in (2.5) [12] . The quantity v{s) is the local crack advance per unit time, so that the integral multiplying it is the energy flow per unit crack advance through dV. The local energy release rate is
The direction of crack advance Uk depends only on 5 and is taken out of the integration. Under quasi-static conditions and where U is taken to be the strain energy function, the integral to the right of i/k is the so-called Jk conservation integral [13, 14] . A unified treatment of crack tip integrals and conservation/dissipation integrals as direct consequences of appropriate balance laws can be found in [15] .
Suppose that over an arbitrarily small increment of time, the crack front at 5 advances by X{s) in the normal direction (in the plane of the crack) within the segment 5a < 5 < st,. With respect to the reference coordinate system, the crack growth increment is X{s)i>k{s) which is more conveniently denoted by lk{s) as depicted in Fig lb. Associated with this increment of growth of crack front, the total energy released by the body is
where dS = dVds. The energy released through different segments of the crack front is obtained from (2.7) by appropriate choice of Sa and s;,.
For quasi-static monotonic loading conditions and proportional stress history at each material point, the integral (2.1) is path independent for a nonlinear elastic or elastic-plastic material, and the value of J does not depend on the limiting process of shrinking the contour V onto the crack tip. In this case, the integral is precisely Rice's J-integral [7] and its value is the amplitude of near crack tip field. Under dynamic loading conditions, inertial effects preclude the definition of an equivalent path independent integral and the value of the near tip field intensity must be expressed in terms of the crack tip limit in (2.1), although the shape of the contour as shrunk onto the crack tip is arbitrary. For a 3-D crack front, the local/pointwise value of J is only defined in terms of the limit in (2.6).
Domain integral representation for J
It is apparent that from a discrete computational point of view, the expression (2.6) is not suitable for evaluating values of J{s) nor is (2.7) useful for evaluating values of J. As in the twodimensional case, accurate evaluations of field near the crack front is difficult and alternate forms for J that are better suited for numerical calculations are discussed here. The finite domain form for J~ follows directly from the fundamental crack tip energy integral (2.7) by the application of the divergence theorem over part of the cracked solid. The present derivation follows the formulation in [6, 11] where it is presented in greater detail.
Let So be an arbitrary outer surface (including the end-caps) which surrounds the inner tubular In the above equation, crack faces are assumed to be traction free. If crack face traction cannot be neglected, the second integral in (2.8) must be appended to the integral in (2.9). The inclusion of traction on crack faces and body force like terms are discussed in greater detail in [6] . In (2.9), the domain V has been taken to be the total volume enclosed by the arbitrary outer surface So, including the crack tip region. Any difference between the integration over the volume V and the volume enclosed within 5 vanishes as St is shrunk onto the crack front. It may be noted that the last two terms in (2.9) cancel identically in the case of an elastic solid.
We emphasize that any smooth {C) function which is appropriately defined within the enclosed volume (i.e. the ftmction assume the precribed values on surfaces St, So and crack faces <S_|_, <S_)
could serve as the weighting function qk-The vector function qk{xi,X2,X3) may be interpreted as the virtual translation of material point (a;i, a;2, ais) in F due to virtual extension of the crack front by /fc(s) [6, [8] [9] [10] [11] . Since So is an arbitrary outer surface, the value of J does not depend on the size or shape of the arbitrary volume V enclosed by So-This property of the domain representation provides a useful check on the consistency and quality of the numerical solution.
An approximation of the value of J (5) is obtained by assuming that it is constant in an interval Sa < s < Sf,. The crack front is then perturbed in this interval, say an amount \{s) in the plane of the crack, where X[s) = 0 outside of the interval. This perturbation of the crack front results in a total energy release rate J according to (2.9) . Then J{s) is given by J{s) =J/ f " X{s)ds (2.10)
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A more precise scheme for calculating J[s) which is also consistent with the finite element formulation is discussed in Section 4.2. .
Specialization to a stationary crack front
For the case of stationary crack tip in a dynamically loaded body, the kinetic energy is bounded at the crack tip and consequently it makes no contribution to (2.1). The energy release rate for this case is Similarly the expression for the local energy release rate at the point 5 on the three-dimensional crack is
The specialization of (2.9) to a stationary crack front in a dynamically loaded body is
It may be noted that (2.13) can be derived directly from (2.12) using the procedure which led to the integral in (2.9). A method, based on the expression (2.13), for extracting accurate values of the intensity of near tip stresses and deformation from the fields determined from immerical simulation will be presented in Section 4.
To arrive at the expression (2.13), U is taken to be a potential function for stress, i.e., dU deij (2.14)
Here e,j are the cartesian components of strain. In the case of a solid whose mechanical response is described by a stress-strain relationship of incremental type, the stress work density is dependent on strain history and (2.14) generally does not apply. However, when certain conditions are met any deviation from the equality is very small and can be neglected. The conditions require the load applied to the crack tip region to be monotonically increasing and stress histories for material particles to be nearly proportional [16] .
J ESTIMATES FOR TRANSIENT PROBLEMS
Transition time
The dynamically loaded three-point-bend specimen has been proposed for the measurement of dynamic fracture toughness [2] . A schematic of the specimen is shown in Fig. 2a . The specimen has a through-thiclcness planar crack of length a (the crack front being parallel to the ais-axis) and is supported by rollers seperated by a distance of 2L. A dynamic load P is applied on the surface a;i = 0 at the center span. In [1], we introduced a transition time tr to provide an estimate of the time beyond application of the loading at which a J-dominated field is established in the crack tip region and a deep-crack J-formula is applicable. We assumed that an estimate of the transition time can be determined from the time history of the relative magnitudes of the total kinetic energy and the total deformation energy (or stress work) of the specimen. In particular, the transition time is defined as the time beyond which the kinetic energy of the specimen is less than the energy of deformation.
Direct measurement of the total kinetic and deformation energies in a laboratory specimen is not possible. However, these quantities can be approximated by considering simple models consistent with actual boundary measurements. In [1] an estimate of the kinetic energy was obtained by means of a model based on elastic BernouUi-Euler beam theory with an assumption that the kinetic energy at the early stage is dominated by elastic structural response. To approximate the deformation energy, a quasi-static elastic 2-D three-point-bend model was considered. For this model, the relationship between the total strain energy of the specimen and the displacement at the load point is known. Using these models, the ratio of kinetic energy to deformation energy at time t is given in terms of the deflection A(i) and the velocity A(i) at the load-point; these quantities are of particular interest since they can be measured in a dynamic fracture experiment.
Specifically,
Here H is the width of the specimen, Cg is the sound speed in the specimen (i.e., longitudinal bar wave speed) and the (time-independent) dimensionless shape factor 5 depends on the dominant mode shape and elastic compliance Cs of the specimen. In sununary, we observe that the response of specimen can be conveniently characterized by a short-time response dominated by discrete waves and a long-time response dominated by deformation energy. At the transition time structual inertial effects are important. Beyond the transition time, inertial effects diminishes relative to the overall energy absorbed by the body.
The deep-crack estimation procedure
On the basis of transient 2-D finite element analyses a formula for the computation of dynamic J from measurable quantities was proposed in [1] . The formula is a modified version of a deep-crack formula for calculating the value of J under essentially equilibrium conditions [3] . Under high-rate of loading, the inertial resistance of the specimen screens the crack tip region from the applied loads. To minimize this effect, the variables in the quasi-static formula are replaced by equivalent variables which characterize the near crack region of the body. Thus the moment is taken to be the net moment ML carried by the ligament, and the corresponding rotation is replaced by the crack mouth opening displacement divided by the distance between the crack mouth and the hinge axis on the ligament and is denoted by 6L-With these changes, the formula j,^^t) = ^l''^'\L{t')deut') (3.5)
is proposed for estimating the value of J in a dynamically loaded three-point-bend ductile fracture specimen. In the above expression, b is the ligament length and B is the specimen thickness. At the level of beam approximation, the integral of the moment and angle in (3.5) represents the work done on the ligament. We employ the subscript dc on J to distinguish estimates based on the assumption of deep-crack from precise values based on (2.13).
Inferred rotation and moment at the ligament
To calculate Jdc{t) according to (3.5) , the values of 0L{t) and ML{t) must be known. In an experiment, the angle 9^ can be determined from the measurement of the crack mouth opening displacement 8 and an estimate of the hinge axis location necessary to convert this displacement to a rotation. The opening displacement at the crack mouth is essentially constant through the thickness. Thus 5 is a well-defined measurable quantity. The hinge axis is an effective line on the ligament plane (and parallel to the xs-axis) where the axial strain (and stress) vanishes. The determination of the hinge axis from the full-field solution wiU be taken up in Section 4.3. Under fully yielded conditions, the hinge axis can be rather accurately estimated using the Green and
Hundy plane strain slip-line solution [17] for a rigid-perfectly plastic material. The rotation about the ligament based on the latter hinge axis is denoted by ^£.
The direct measurement of the net moment ML carried by the ligament is extremely difficult, due in part to severe plastic deformation between the load-point and the crack tip. at the remote surface location by Ml, overall quasi-static equilibrium reqmres that
where LR is the distance of the remote section along the beam from the cracked section. Since the remote section being considered is about the mid-way between the cracked section and the roller support, MR and SRLR will be of comparable magnitude.
In a dynamic fracture experiment, the inertial response of the material between the cracked section and the remote section must be included in (3.6). Such inertial contribution has been included in the analysis in [1]. However if the time to fracture initiation is greater than the transition time, the inertial contribution is small and M£ as given by (3.6) is the appropriate moment for use in the computation of J^^.
NUMERICAL PROCEDURE
The fiill-field 3-D numerical simulation has several objectives. It will be shown that under dynamic conditions, the local value of J at points along the crack front can be accurately calculated using the finite domain (volume) integral representation (2.13). We then examine the effect of transient loading, geometry and plastic deformation on the variation of J along the crack front.
The usefulness of of the transition time concept and the accuracy of the deep-crack J formula (3.5) based on measurable load and deformation histories will be assessed. Finally the suitablity of proposed surface measurements for the determination of J will be clarified.
Finite element procedure
The duration of the event of interest relative to the time for wave passage through the structure is the important consideration in the choice of an integration scheme for a dynamic analysis. Our primary interest is the response of a cracked specimen under impact load over a time span which is large compared to the time for the wave to travel the length of the specimen. However we are also interested in the dynamic response of the specimen near the transition time when the discrete stress waves may still be important. An accurate resolution of fields at early time require that small time steps be taken. Comparisons of relative efficiency of explicit and implicit schemes have shown that three-dimensional numerical simulations of dynamic problems can be more econcomically carried out using explicit schemes [18] . Even if the higher frequencies are not of interest, the large bandwidth that arises from a 3-D model and the overhead connected with an out-of-core solver will render an implicit scheme ineffective. Guided by these considerations, we employed a lumped mass explicit integration scheme for all our calculations. The resulting discrete equations of motion are uncoupled and the nodal accelerations are obtained by trivial inversion of the diagonal mass matrix. Our numerical experimentations suggest that the 8-node hexahedron element is optimal for the intended numerical study. All numerical results reported in this paper were obtained using a modified version of the finite element program FEAP [19] .
To alleviate potential numerical difficulties associated with deformation into the fully yielded plastic state, we employ the so-called B-bar method for the formation of the stiffness matrices [20, 21] . In the case of the 8-node trilinear hexahedron element, the volumetric components The regular B matrix is recovered from (4.1) by setting e = 1 while the B matrix in [21] is obtained for € = 0. In our analysis, e = 0.05 was used.
Discrete formtdas for the evaluation of J
The discrete form of / (2.13) based on 2 X 2 X 2 Gaussian quadrature appropriate to the 8-node linear hexahedron element is * r
E E
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(4.2)
Here the field quantities including qu and its spatial derivatives are evaluated at quadrature points 
L-l
We repeat the above procedure for every node on the crack front to obtain a system of Nc linear equations for Nc unknown JL 'S. The value of JL is given by the solution to (4.8), i.e.. The value of JL can also be obtained by appealing to the approximation (2.10) for J{s). With this approximation, the J at a node is uncoupled from the J's at the other nodes on the crack front, i.e.,
JL = 7L/ I ' NL{s)ds (4.10)
If J M varies smoothly along the crack front, J^ as computed by (4.10) differs negligibly from its more accurate value determined by (4.9). However if a particular nodal value is evaluated inaccurately (e.g. the J value at a node on a free surface), the inaccuracy can have an adverse effect on the values of J at the neighboring nodes if (4.9) is used. The inaccuracy is confined to the particular node if (4.10) is used.
The average value, pertaining to the entire crack front, is obtained by integrating J{s) over the entire crack front and dividing the resulting value by the total length of crack front. This value, denoted by Jave, may also be determined directly from (4.2). In this calculation, a unit virtual extension of the entire crack front (take A(s) = 1 for all the nodes on the crack front) is imposed and the resulting value of J is divided by the crack front length to give Jave-We note that the two methods of computing Jave are equivalent.
Calculations of moments and rotations
The moment carried by the uncracked ligament ML is required in the deep-crack formula (3.5)
for estimating J. The moment is calculated from the forces acting on the plane of the ligament.
On the synmietry plane X2 -0, the nodal forces (normal to the symmetry plane) acting on nodes which are positioned at the same a^i coordinate are suimned (each row of nodes being parallel to the a-s-axis) to give the resultant normal nodal force on that row. This is repeated for every row of nodes on the ligament plane. The location where the linearly interpolated resultant nodal force changes its sign is taken as the effective hinge axis. Suppose the effective hinge axis (a line parallel to the xs-axis) is directed along a;i = hi,. The moment carried by the ligament plane, 0 < a;i < 6 and -5/2 < a-g < S/2, is given by
Here N^ is the total number of nodes on the half-ligament plane, /j' is the nodal force and x^'
is the a-i coordinate of the i^^ hgament node. In writing (4.11) we have taken advantage of the symmetry condition on the plane x^^ = 0. .12)) of the inferred moment.
The rotation of the cracked section about the hinge axis, 9L, is given by
Here S is the average of the opening displacements of the nodes at the crack mouth (along Xi = if),
and IiL is the hinge position (determined in connection with (4.11)) at time t. It may be noted that the opening displacement at the crack mouth vary negligibly with X3. An inferred rotation, which is very useful from the point of view of dynamic fracture experiments, is 9^ given by
Here h*^ is the hinge axis given by the slip-line field solution in [17] . In particular hl/b = 0.63 which is very close to the hinge axis given by the finite element solution for the fully yielded state.
FINITE ELEMENT ANALYSIS
Computational model
The relative dimensions of the three-point-bend specimen are LjH = 2.0, ajH = 0.5, B/H = 0.5 and LTIH = 2.25 where H is the width of the specimen, L is the length between the craclced section and the remote support, a is the crack length, B is the thickness and LT is the half-length of the specimen (see Fig. 2a ). These relative dimensions are in accord with ASTM specifications for the specimen for quasi-static fracture toughness evaluation. A typical dynamic fracture specimen has a width H equal to 2 inches and relative crack length ajH ranging from 0.4 to 0.7 [2] . The material behavior is taken to be governed by the J2 flow (rate independent) theory of plasticity. Under uniaxial stressing the material deforms according to e/eo = cr/o-o , e < e,, (5.1)
where CTO and €" are the yield stress and strain related by (TQ = E^o, E is Young's modulus and n is the strain hardening exponent. In our calculations, we have taken n to be 10 and Poisson's ratio V to be 0.3, these values being representative of high-strength structural steels.
Dynamic Analysis
To obtain an estimate of the stable time step for the mesh depicted in Fig. 2b , we obtained the largest eigenvalue of the global elastic stiffness matrix. From this value, the dimensionless critical time step was determined to be Ai Ci/H = 0.014. Uniform time increments of At cxIH = 0.012 was chosen for the entire simulation. The load applied at the mid-span increases linearly in the interval 0 < tcilH < 40, and thereafter is kept constant at PL/2Mo = 1.2 (see insert in Fig.6 ). This loading rate is representative of the nearly constant load application rate that has been achieved in three-point-bend bar fracture experiments through proper choice of impact absorber material [2] . Altogether 12000 uniform time increments were taken and the value of J and pertinent field quantities were evaluated at every 50 increments corresponding to a time interval of tci/H -0.6.
For this particular simulation, the CPU time expended on the Cray-XMP is about six hours.
We extracted Jave aiid the value of J at each crack front node from finite element fields using the procedure discussed in Section 4.2. In the J calculations, values oi q^ and (73 are prescribed to be zero everywhere in the domain since the normal to the (straight) crack front is in the a; 1-direction.
To calculate J M using (4.2), gi is set equal to unity at the M*'' node and zero at all other nodes on the crack front. Within a domain chosen for each calculation, the values of q\ are in accord with the conditions given in Section 2.2 and further elaborated upon in Section 4.2. Four different domains were eniployed for the evaluation of J M-The smallest domain had twenty elements while the largest domain had more than four hundred elements. Typically the value of J M associated with a domain is within two percent of its mean value. The near domain independence of J is an indication of the quality of the numerical solution. The mean value of J is used in (4.9) and (4.10)
for the evaluation of J at the nodes and 7(5) at the point 5 on the crack front. We computed
Ave by integrating J(5) along the crack front and then divide the result by the crack length. As a check, the average value is computed using (4.2) by taking qy to equal unity on all crack front nodes. The Jave values determined by the two methods are exactly equal as they must be.
The increase of J^^^jcToeoa with time tcijH is plotted in Fig. 4 . Also shown in the figure, is J at the syiiunetry plane {x^jB = 0) and at the free surface {xs/B = 0.5), denoted by Jmid and Jedge respectively. The local values at these two locations and all other crack front locations are determined using (4.10). Shown in Fig. 5 is the variation of J along the crack front at four different times. The local J values at each time have been normalized by the corresponding Jave-
The increasing through-thickness variation of J with the progress of time reveals the effect of plasticity which dominates the long time response of the specimen. Similar plasticity effects on three dimensional near tip fields have been observed in a quasi-statically loaded specimen [4] .
The actual moment carried by the ligament ML is calculated by (4.11). For subsequent discussion, we normaUze ML by the limit moment given by the plane strain rigid-perfectly plastic analysis [17] . The limit moment, Mo has the value 0.364 <T<,6^JB where do is the yield stress, b is the ligament length and B is the thickness of specimen. The computed location of the effective hinge axis in the fully yielded state is very close to the location given in [17] . Plotted in Fig. 6 is the increase of the normahzed moment ML This trend is similar to the variation of J along the crack front (see Fig. 5 ).
At the remote plane located approximately mid-way between the crack plane and roller supports (,T2 = i/2) there is hardly any variation of the axial stresses and the shear stresses through the thickness at all times, i.e., the fields may be characterized as plane stress. Furthermore the distribution of the normal strain and stress with x\ is very nearly in agreement with the distribution according to elementary beam theory. It follows that the load carried by the ligament can be inferred from surface measurements taken in the vicinity of the quarter-span. This is significant since this load is the input measurements for the application of the deep-crack formula for J. This will be taken up in the next section.
In the interval 0 < t < ir, the material response is elastic. At the transition time tr elements hmnediately adjacent to the crack tip are partially yielded. As discussed in Section 3.2 it is doubtful that at this stage of the transient the near-tip fields are sufficiently established so that they can be characterized by J. At larger times the plastic zone emanating from the crack tip spreads across the hgament and joins up virith the plastic zone emanating from the plane of impact. Effective stress contours at tcijH = 144 are shown in Fig. 8 ; the contour labeled by 1.0 is the boundary of the plastic zone. Plastic zone shape in the xx-x^ plane resembles the quasi-static plane strain plastic zone [16, 23] . The extent of the plastic zone near the free surface (aJsZ-B = ±0.5) is larger than that at the mid-plane [x^jB = 0) of the specimen.
To gain further insight into the behavior of the dynamically loaded specimen, results from the dynamic analysis are presented in a way that will allow a direct comparison with the quasistatic response of the specimen. First a quasi-static analysis based on the identical mesh is briefly discussed. A small load increment is appUed so that the Gauss points nearest to the crack tip are on the verge of yielding. Thereafter the load increment is adjusted so that the plastic zone increases even earlier times and lower loads the differences are larger. Plots of J^ye/'^o^oC versus ^i/e,, for both dynamic and quasi-static cases are shown in Fig. 9c . We observe that with the appropriate normalizations, the relationship between normalized Jave and normalized displacement (or rotation of the ligament), appear to be insenitive to loading rate in the regime dominated by structural inertial and deformation energy. A similar observation can be made on the relationship between J and the moment.
Comparison of (precise) / and Jdc
With the moinent M^ (4.11) and the rotation 9L (4.13) as the input measurements in (3.5), the value of Jdc as a function of time is obtained. For the purpose of appraising the accuracy of the deep-crack J formula, the value of J^c is divided by the average value, Jave-The latter is the precise value determined from the computed field quantities using the domain integral expression (4.2). A ratio of unity represents perfect agreement between the deep-crack estimate and the precise value Jave-The ratio Jjc/Jave is plotted against tc\ jH in Fig. 10a . During the early transient, the ratio is substantially larger than unity, then falls below unity and starts to increase at about the transition time. It levels off at a value of 1.06 at about twice the transition time.
The ratio as a function of the actual moment carried by the ligament is shown by the solid line curve in Fig. 10b . We have noted that the actual moment carried by the ligament cannot be measured in an experiment, and a measurable moment was introduced Section 3.3. For this particular calculation, the measurable moment is determined by the fields at the free surface near to the quarter-span, X2 ~ 1.068-/!. As discussed earlier the moment and shear force can be reliably determined from stresses near the surface at the chosen location since through-thickness variation of the fields near the quarter-span is negligible and the a;i-distribution of the numerically determined fields is nearly exactly given by elementary beam theory. Using the inferred moment M£ from (3.6) and 6*^ from (4.14) in the deep-crack formula (3.5), a 'measurable' J^c is obtained . This estimate of J normalized by the precise Jave is shown by the dashed line curve in Fig. 10b . The agreement between the dashed line curve based on the 'measurable' moment and rotation, and the solid line curve based on the actual moment and rotation is quite good.
DISCUSSION
It has become fairly conunon practice to write the relationship between J and the work done on a specimen by the applied loads W as
where b is the length of uncracked ligament and Bb is the area of the uncracked ligament. In writing (6.1), we have followed the notation in this paper; in the published literature (particularly papers on fracture toughness measurements, e.g. [2] ) the left hand side of (6.1) is usually written as J. Relationship (6.1) is a quasi-static loading deformation theory result and should provide an accurate estimate of J if proportional loading is nearly satisfied. For a deeply cracked bar, the values of 'eta factor' are available for remote loading ranging from pure stretch to pure bending [24] . The significance of the 'eta factor' is that it permits the the determination of J directly from the work done on the specimen by the applied load. Guided by (6.1), we introduce a similar 'eta factor' for transient loading defined by
where the integral in (6.2) is the work done on the ligament by the load ML carried by the ligament (see Section 3.2). The variation of rj with normalized moment is shown in Fig. 11 Full-field finite element simulation of a standard ASTM three-point-bend bar with relative crack depth 0.5 yields a transition time of about 24jff/co (or 2SH/ci). This time is roughly equal to the time reqtured for the longitudinal wave to make six traverses of the span of the specimen, or for the slower shear wave to make three passes. Indeed full-field calculations indicate that the fields have stabilized at times larger than twice the transition time. At such times the total kinetic energy is less than 20 percent of the total stress work on the body (see Fig. 3 ).
Similar observations concerning the transition from a response dominated by individual stress waves to a response dominated by the fundamental structural mode has also been discussed in a review paper by Ireland [25] . Ireland introduced an effective specimen inertial oscillation period, T, and cited numerous experimental data which showed that inertial effects are dominant for times smaller than 2 r. His proposed empirical relation for r can be arranged in the form r = 1.68x\/2 5-(6.3)
Co
where S is defined by (3.2) . Based on the relative specimen dimensions employed in the present analysis, a value of r equal to 23.8i//co is obtained from (6.3) which is remarkably close to the value we got from the finite element solution and the model analysis (3.1). Kalthoff [26] has also noted that elastic near-tip fields at short-times cannot be predicted by a static analysis. In the short-time transient regime (i < 3 r), Kalthoff and coworkers (see publications referenced in [26] ) advocate the use of impact response curves for estimating the dynamic stress intensity factor.
This study is directed at ductile materials where fracture initiation takes place after extensive yielding of the ligament has occured. Our analysis suggests that interpretable fracture toughness data can be obtained from dynamically loaded three-point-bend steel specimen if the time to fracture initiation is larger than about twice the transition time. In particular, the transition time for an ASTM three-point-bend steel specimen of width 5 cm (this dimension being typically denoted by W in the standards) and crack length to width ratio between 0.5 to 0.7 ranges from about 250 to 400 i-is. Thus the time to fracture initiation should be greater than about 500 to 800 //5. Fracture initiation in ductile materials at much shorter times (less than 30 ^is) can be achieved in the stress wave loaded cracked round bar experiment of Costin, Duffy and Freund [27] . A full-field transient finite element analysis of the fracture experiment has been carried out by Nakamura, Shih and
Freund [28] . 
